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I. (a) Attemptany one : 7
(i) State and prove Egorov’s theorem.

(i) Letf:E=[a, b] — R be measurable. Prove that for given ¢ >0 and € > 0, there
exists a continuous function W (x) on [a, b] such that mE (If - yl>0) < €.

(b) Attempt any two : 4

(1) Verify Egorov’s theorem for the sequence f, : [0, 1] — R defined by
fo(x)=x"+ 1.

(i) Iff, = fand gis bounded then show that f,g = fg.

(i11) State (only) Luzin’s theorem.

(c) Answer in brief : 3
(i) Trueorfalse:Iff, =f and g (x) =1f(x) I, then f, = g.
(i1) True or false : Uniform convergence => convergence in measure.

(ii1)) Define : Convergence in measure.

2. (a) Attemptany one : 7
(1) Prove that Lp [a, b] is complete.

(i) If f: R — R is continuous and 2n-periodic, then show that for every € >0
there exists a trigonometric polynomial t (x) such that

If(x)-t(x)l<e.

(b) Attempt any two : 4
(1) Iff, ge L,[a, b], thenshow thatllf+gll, <l fll,+1lgll.
(1) Iff, ge L, [a, b], then can we say that fg e L, [a, b] ? Why ?

(i11)) Show that convergence in measure need not imply convergence in norm.
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(c) Answer in brief :
(i) Define Bernstein polynomial.
(1) Iff, = finL, [a, b] then show that Il fnll , = IIfll,

(ii1)) True or False : C[a, b] — Lp [a, b] forall p > 1.

3.  (a) Attemptany one :

(i) Show that a function f: [a, b] — R is of finite variation if and only if it is a
difference of two increasing functions.

(i) Let f be an increasing function on [a, b]. Show that its derivative f'(x) is
measurable and

b
f F(x) dx < f (b) £ (a).

(b) Attempt any two :

(i) If s (x) denotes the saltus function of f : [a, b] =R then show that it is
increasing on [a, b].

(i1) If f (x) = sin x then show that the total variation of f on R is not finite.

(iii)) Compute the derived numbers of f (x) =1x| + x atx=0.

(c) Answer in brief :

(i) True or false : Every Lipschitz continuous function on [a, b] is of finite
variation.

(i1) True or false : Every function of finite variation on [a, b] is bounded.

(i11) When do we say that a function f : R — R is of finite variation ?

4. (a) Attempt any one :

(i) If f:[a, b] > R is absolutely continuous and f* (x) = 0 almost everywhere
then prove that f (x) is constant function.

(11) If ¢:[a, b] — Ris such that at every point of [a, b] all the derived numbers
of ¢ are non-negative, then prove that ¢ is increasing.
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(b)

(©

(b)
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Attempt any two :

®

(i)
(iii)

Answer in brief :

@

(i)
(iii)

Attempt any one :

If f is summable on [a, b], then prove that

¢m=ffmm

is absolutely continuous on [a, b].
Show that the point of continuity is Lebesgue point for a summable function.

Prove that f (x) = xe" is absolutely continuous on [0,1].

True or false : Every absolutely continuous function on [a, b] is differentiable
everywhere.

Give the definition of absolutely continuous function.

Give an example of an absolutely continuous function on [0, 1].

(i) Show that if f € L [- m, «] is continuous at the point x € (— 7, 7) then its
Fourier series is cesaro summable at the point x to f (x).

(i) Forfe L, [-m, 7] if s, (x) denotes the partial sum of the Fourier series of f,
then show that
=Tyl > f=s,1l 5,
For every trigonometric polynomial T, of degree n.

Attempt any two :

(i) Give an example of an orthonormal family in L, [- &, 7t].

(i) State Parseval’s identity and use it to prove that if the Fourier coefficients of
an L, — function are all zero, then the function is zero almost everywhere.

(iii)) Determine the Fourier series of the 27 periodic function f (t) = cos® t + cos t

sint,-mt<t<T.
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(c) Answer in brief :
(i) Define : Fejer kernel

(i) State (only) Riemann — Lebesgue lemma.

sin nx . . .
(ii1) True or false : X o isa Fourier series of an L, function.
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